We generalize the notion of an asymptotic weak coupling expansion about an exactly solvable model in quantum mechanics and quantum field theory to an all positive value coupling convergent expansion. This is done by rescaling the variables available in the theory by free parameters, then adding and subtracting the exactly solvable model. The rest (initial rescaled theory by free parameters + the subtracted exactly solvable model) is expanded about the added exactly solvable model. Evaluating finite orders of this expansion at its extremum points with respect to the free parameter(s) gives a sequence that converges to the result of the previous asymptotic expansion, with a good convergence rate, at relative strong coupling 2 . We solve for the eigenenergies of the anharmonic, pure anharmonic and double well potential problems using this method by expanding about the symmetrical point of these potentials. Accurate results for the eigenenergies can be obtained for all positive values of the coupling for the anharmonic and pure anharmonic oscillators and at strong coupling for the double well potential. To provide confirmation for the convergent formalism developed for φ 4 theory and QED we improve the electron g-factor calculation at the one loop level using the convergent formalism. Applications of this method are not limited to quantum mechanics or quantum field theory, for example it can also have applications in the context of differential equations.
We generalize the notion of an asymptotic weak coupling expansion about an exactly solvable model in quantum mechanics and quantum field theory to an all positive value coupling convergent expansion. This is done by rescaling the variables available in the theory by free parameters, then adding and subtracting the exactly solvable model. The rest (initial rescaled theory by free parameters + the subtracted exactly solvable model) is expanded about the added exactly solvable model. Evaluating finite orders of this expansion at its extremum points with respect to the free parameter(s) gives a sequence that converges to the result of the previous asymptotic expansion, with a good convergence rate, at relative strong coupling 2 . We solve for the eigenenergies of the anharmonic, pure anharmonic and double well potential problems using this method by expanding about the symmetrical point of these potentials. Accurate results for the eigenenergies can be obtained for all positive values of the coupling for the anharmonic and pure anharmonic oscillators and at strong coupling for the double well potential. To provide confirmation for the convergent formalism developed for φ 4 theory and QED we improve the electron g-factor calculation at the one loop level using the convergent formalism. Applications of this method are not limited to quantum mechanics or quantum field theory, for example it can also have applications in the context of differential equations. 1 Introduction, outline and summary of results
It is known that the expansions in the couplings in quantum mechanics and quantum field theory are asymptotic (reference [1] provides an argument for QED). In this work by a simple trick we show that it is possible to modify this asymptotic expansion in a way as to obtain a convergent expansion. To explain the main procedure for obtaining this convergent expansion consider the following one-dimensional integral
it is known that the expansion of the integral (1.1) in λ is an asymptotic series that is Borel summable to the full result of the integral [2] . When summing the terms of this asymptotic series in an ordinary way, the smaller λ is the more terms in the expansion become useful and more accurate results are obtained but after a certain order of the expansion the summation starts to diverge. Consider introducing a free parameter α in (1.1) by rescaling the variable x → x/α. After adding and subtracting a quadratic term in the exponent of the integrand we obtain
we have also introduced an (= 1) parameter to indicate that now the expansion is to be performed with respect to this parameter. In this expansion, similar to as mentioned above, the smaller λ α 4 is the more terms in the expansion become useful and therefore more accurate results can be obtained. Since the integral of (1.2) is independent of α for = 1 we have the freedom to choose a large value of α to suppress the coupling λ α 4 , without changing the integral to be evaluated and make more use of the terms in the expansion, therefore obtain more accurate results. This is the main idea behind the convergent expansion method. Note that it is important that we no longer expand in the coupling λ as this will result in a cancellation of the introduced α parameter. Although the integral of (1.2) is independent of α, any finite order of its expansion in (= 1), defined by I α,n (λ) ≡ n k=0 I α k (λ), will clearly depend on α. Choosing α too large or too small will clearly not give optimum results therefore we expect intermediate values of α to exist that would give optimum results. Since the full integral I α (λ) is independent of α we have d m I α (λ)/dα m = 0 for m = 1, 2, ..., therefore it seems that the zero m-derivative points of the partial sum I α,n , d m I α,n (λ)/dα m = 0, would be good candidates for the optimum values of α. For the integral of (1.2) (and in most other examples), we will be mainly concerned with the zero first derivative points of I α,n but in certain examples we consider later in the paper in Subsection 4.2 the zero points of the higher derivatives will also find applications. Evaluating I α,n (λ) at its extremum points, after solving the equation dI α,n (λ)/dα = 0 for different n, we find the results listed in Table 1 . As can be seen from the results of this Table the expansion of (1.2) in (= 1), evaluated at its extremum points with respect to α at order n, produces results that converge to the exact value of the integral with a good convergence rate for all positive values of the coupling λ. Going to higher orders in the expansion with choosing the appropriate extremum points α ext produces more accurate results for all values of λ > 0. Also it can be shown that the convergence rate stays level at strong coupling. A discussion on this matter is done in Appendix A.2 .
When α = 1/ √ 2 the expansion of (1.2) reduces to the previous asymptotic expansion in λ but with choosing the appropriate extremum points α ext at each finite order in the expansion we obtain a sequence that converges to the exact result, therefore the (= 1) expansion can be .005732583
considered as a natural generalization of the previously asymptotic weak coupling expansion to an all positive value coupling convergent expansion which has a good convergence rate at relative strong coupling. Furthermore the convergent expansion method can also be applied to the relative strong coupling 1 regime of examples which due to a lack of a quadratic term with the appropriate sign, a straightforward expansion in the coupling is not possible. For example consider the expansion of a double well potential about its symmetrical point or relation (2.1) for κ = −1 1 Here we define the notion of relative strong coupling. When performing the expansion of a certain number of terms about an exactly solvable model (e.g. about a Gaussian (path) integral or about the harmonic oscillator Hamiltonian as when solving the time-independent Schrodinger equation perturbatively) there are terms which their expansion is well defined and there might be terms which their expansion is not well defined. The relative strong coupling regime refers to the regime in the coupling space of the theory which the coefficients of the terms which their expansion is well defined is greater than or is of the same order of magnitude of the coefficient of the terms which their expansion is not well defined. As a simple example consider the following one dimensional integral: 4 . The term which its expansion about the Gaussian integral is well defined (by itself) is −λx 4 and the term which its expansion about the Gaussian integral is not well defined (by itself) is 2 √ λx 3 therefore the relative strong coupling regime would be when λ 2 √ λ (the symbol meaning greater than or of the order of magnitude). Similarly the relative weak coupling regime would be when λ < 2 √ λ. In the convergent expansion method the convergence rate is good for the relative strong coupling regime and it becomes worse as we go to the relative weak coupling regime. In the absence of terms which their expansion is not well defined the relative strong coupling regime would correspond to all positive values of the coupling, for example consider the integral:
2 − λx 4 . The convergent expansion of this integral has a good convergence rate for all λ > 0 as can be seen from Table 1 . As another example consider the following integral:
dx exp −x 2 + (1 + a)x 2 − λx 4 , for a ≥ 0 the expansion of the (1 + a)x 2 term is not well defined since it gives a divergent series, but the expansion of the term −λx 4 is well defined therefore the relative strong coupling regime would correspond to when λ a.
Note that for a = 0 although the expansion of the term (1+0)x 2 is not well defined by itself but it can be shown that the convergence rate of the convergent expansion method is good for all λ > 0 and in particular at weak coupling (this has been verified in numerical calculations ). As a less common example consider the following integral: 4 , here the relative strong coupling regime is for λ λ 2 → λ 1.
To provide another simple example, consider the following one dimensional integral
introducing a positive free parameter into the above integral by rescaling x → x/α, adding and subtracting a quadratic term in the exponent of the integrand we obtain
(1.4) Table 2 lists the values of the the partial sumĪ α,n (λ) ≡ n i=0Ī α i evaluated at its extremum points with respect to α for different n. Again from this Table it can be seen that accurate results can be obtained for all positive values of the coupling λ. The procedure outlined above for modifying an asymptotic expansion in the coupling in a way as to obtain a convergent expansion is pretty general. In this paper we will apply this simple procedure to one dimensional integrals, quantum mechanics and quantum field theory to obtain convergent expansions. The results obtained are pretty impressive. The expansion is convergent with a good convergence rate at relative strong coupling 2 .
To illustrate how the convergent expansion method works in a simpler context, in Section 2 we apply the procedure described above to one dimensional integrals. A sample of the 2 At relative weak coupling the convergence rate becomes less efficient. For example refer to relation (2.1) for κ = −1 or a double well potential when expanding about its symmetrical point which in these examples the expansion converges to the full result but the convergence rate becomes less efficient at (relative) weak coupling as Tables 9 or 35 show this but the convergence rate at (relative) strong coupling is good. Or consider the discussion related to Table 10 or the double well potential when expanding about one of its vacuums which in these examples the expansion does not show convergence to the full result, as expected, and the convergence rate becomes less efficient at (relative) weak coupling as the results of Tables 10 or 36 show this. results obtained in this Section were listed in Table 1 . In Section 3 we apply the same method to quantum mechanics. In Section 3.1 we develop a convergent formalism for the time-independent Schrodinger equation in one space dimension. In Table 3 we show a sample of the results obtained for the vacuum energy of the anharmonic oscillator. These results Table 3 : Applying the convergent expansion in to the vacuum energy of the anharmonic oscillator with potential Table below lists the values of the partial sum 2E α,n 0 = 2 n l=0 E α 0l evaluated at its extremum points with respect to α for different n. We consider double the value of the vacuum energy to match the conventions of reference [3] . [3] for λ = 1/20 and λ = 100/2. Reference [3] applies the Aitken transformation on 25 terms of the asymptotic series expansion of the vacuum energy E 0 in λ. The digit in parentheses is uncertain. Convergence becomes more difficult at strong coupling using this method (or any other method which is used to improve the convergence rate of an asymptotic series) as can be seen from the results of the above Table listed under reference [3] . However using the convergent expansion method accurate results with a faster convergence rate can be obtained for all positive values of the coupling and the convergence rate stays level at strong coupling (refer to Appendix A.2 for a discussion on this matter). We can clearly see convergence in the above results even for a coupling of order 10 10 ! We note that the same procedure for obtaining the values of the eigenenergies for λ = 1/20 and λ = 100/2 which match the results of reference [3] up to its accurate digits, was applied to a coupling of λ = 10 10 /2. The results clearly show convergence therefore are reliable and can be considered as valid 3 . Also, as mentioned, using this method we obtain a faster convergence rate, for example at n = 15 for λ = 1/20 the result already matches the result of reference [3] up to its accurate digits. Tables 4 and 5 show the values of the eigenenergies obtained for the pure anharmonic potential and the double well potential using the convergent expansion method and compares them with the ones listed in references [4] and [5] , respectively. It is possible to obtain more accurate results for the energy level ν = 6 of the pure anharmonic oscillator that match the results of reference [4] by going to higher orders of the expansion. In Tables 3, 4 and 5 we obtain many sequences of extremum points α ext,i with the higher ones converging faster to the desired energy level. In these Tables the  squared value of the extremum point α 2 ext,i is shown. Table below lists the values of the partial sum 2E α,n = 2 n l=0 E α l evaluated at its extremum points with respect to α for different n and different energy levels ν = 0, 3, 6. We consider double the value of the energy levels to match the conventions of reference [4] . Table 5 : Applying the convergent expansion in to the eigenenergies of the double well oscillator with potential Table below lists the values of the partial sum 2E α,n = 2 n l=0 E α l evaluated at its extremum points with respect to α for different n and different energy levels ν = 0, 1. We consider double the value of the energy levels to match the conventions of reference [5] . In Section 3.2 we apply the same method to formulate a convergent expansion for the path integral formalism.
In Section 4 we apply this method to quantum field theory, in particular to φ 4 theory and QED. As an example to illustrate the validity of the formalism developed in Subsection 4.2.1 we improve the electron g-factor calculation using the convergent expansion method at the one loop level. In Tables 6 and 7 we list a sample of the results obtained. These  Tables compare the one loop evaluation of a e = (g − 2)/2 using the convergent expansion method given by a e (one loop) converg. exp. = κ αext 23 α QED /2π with the one loop and higher loop evaluations of a e using the conventional asymptotic expansion method in the coupling e given by a e (one loop) = α QED /2π = 0.00116141 [6] and a e (higher loop) = 0.001159652.. [7] , respectively. Table 6 : Comparison of the one loop evaluation of ae = (g − 2)/2 using the convergent expansion method given by κ α ext 23 α QED /2π with the one loop and higher loop evaluations of ae using the conventional asymptotic expansion method given by ae(one loop) = α QED /2π = 0.00116141 and ae(higher loop) = 0.001159652.. , respectively. The evaluation of ae(one loop)converg. exp. = κ α ext 23 α QED /2π at the zero point of its third derivative with respect to α gives significantly more accurate results compared to the conventional one loop evaluation of ae given by ae(one loop) = α QED /2π. β 1 = 1, Table 7 : Comparison of the one loop evaluation of ae = (g − 2)/2 using the convergent expansion method given by κ α ext 23 α QED /2π with the one loop and higher loop evaluations of ae using the conventional asymptotic expansion method given by ae(one loop) = α QED /2π = 0.00116141 and ae(higher loop) = 0.001159652.. , respectively. The evaluation of ae(one loop)converg. exp. = κ α ext 23 α QED /2π at the zero point of its third derivative with respect to α gives significantly more accurate results compared to the conventional one loop evaluation of ae given by ae(one loop) = α QED /2π. β 1 = α, β 2 = α. In applying the convergent expansion to QED, when expanding the contribution to a e (= (g −2)/2) to third order in (= 1) we obtain the coefficient κ α 23 which multiplies α QED /2π, evaluating κ α 23 α QED /2π at the zero point of its third derivative with respect to α produces the results listed in Tables 6 and 7 which clearly show an improvement in the a e evaluation compared to the conventional one loop evaluation given by a e (one loop) = α QED /2π. To introduce free parameters in the action of QED space-time is rescaled x µ → x µ /α, A µ → β 1 A µ and ψ → β 2 ψ. Tables 6 and 7 show results for different choices of β 1 and β 2 in terms of α. The results of Tables 6 and 7 are well motivated in Subsection 4.2.2.
We expect future prospects of this work to be profound. For example currently the main strong coupling formalism known is the lattice formalism which breaks Lorentz invariance however the convergent expansion method developed in this work is an expansion in the continuum theory which preserves the symmetries of the theory and has a good convergence rate at strong coupling. 4 . With noting the applicability of the convergent expansion method to the strong coupling regime of one dimensional perturbed Gaussian integrals and quantum mechanical systems, as studied in this work, we speculate that it will also be possible to study the strong coupling regime of quantum field theories in the continuum using this method. It should also be noted that the applications of this method are not limited to quantum mechanics or quantum field theory. For example in Section 3.1 we apply this method to modify the previously known asymptotic perturbative expansion of the time-independent Schrodinger (differential) equation to a convergent expansion, hence it is clear that this method can also have broader applications in the context of differential equations.
Convergent expansion of one dimensional perturbed Gaussian integrals
In this Section we develop a convergent expansion for perturbed one dimensional Gaussian integrals. We start from one dimensional integrals to illustrate how the method works in a simpler context. Later we will consider quantum mechanical and quantum field theoretical examples. Consider the following one dimensional integral
when κ is one, (2.1) can be expanded in the coupling λ which results in an asymptotic series in λ. It is known that this asymptotic series is Borel summable to the full result of the integral [2] . When ordinarily summing the terms of this asymptotic series the smaller λ is the more terms in the expansion can be used to obtain a better approximation to the quantity of interest but after a certain order the summation starts to diverge. To obtain a convergent expansion, introduce a free parameter in the integral by rescaling the variable x → x/α, next add and subtract a quadratic term in the exponent of the integrand. We have
in general we allow a complex value for α = α 1 + iα 2 with |α 1 | > |α 2 | in order to have a damping Gaussian integral along the path of integration of (2.2). Also we consider α values with a positive real part α 1 > 0. We have introduced an parameter in the exponent to indicate that the expansion is to be taken with respect to this parameter. Later is set to one. In this expansion, similar to as mentioned above, the smaller λ α 4 is the more terms in the the usual quantum mechanical and quantum field theoretical theories studied is a relative strong coupling regime since usually higher powers of the coupling is assigned to terms with the highest power of the position variable or fields which their expansion is well defined. For example consider the double well potential in quantum mechanics expanded about one of its vacuums:
The term with the highest power of the coupling is λx 4 which its expansion is well defined therefore at strong coupling we obtain a better convergence rate when applying the convergent expansion method. Refer to the first footnote in the Introduction Section for a definition of relative strong coupling.
expansion become useful and more accurate results can be obtained 5 . Since the integral of (2.2), for = 1, is independent of α we have the freedom to choose an arbitrary large value of α and suppress λ/α 4 (and κ/α 2 for when κ = −1), in this case more terms in the expansion become useful, therefore more accurate results can be obtained. Note that it is important that we no longer expand in λ (e.g. when κ = 1) as this will result in a cancellation of the α parameter and the previous asymptotic expansion is recovered. Although the integral of (2.2) is independent of α, any finite order of its (= 1) expansion depends on α. Choosing α too large or too small will clearly not give an optimum result at any finite order, therefore we expect intermediate values of α to exist that would give optimum results. Since the full integral I α (λ, κ) is independent of α we have d m I α (λ, κ)/dα m = 0 for m = 1, 2, ..., therefore it seems that the zero m-derivative points of the partial sum I α,n (λ, κ) = n i=0 I α i (λ, κ) obtained by solving the equation d m I α,n (λ, κ)/dα m = 0, would be good candidates for the values of α that would give optimum results for I α,n (λ, κ) 6 . We will see that (a subset of) the extremum values of I α,n (λ, κ), obtained by evaluating I α,n (λ, κ) at its first derivative zero points with respect to α, form sequences that converge to the exact result. We verify these statements for the integral of (2.2) in what follows.
Expanding (2.2) in (= 1) we obtain
with (−1)!! ≡ 1. Tables 8 and 9 summarize the results of evaluating I α,n (λ, κ) ≡ n i=0 I α i (λ, κ) at its extremas with respect to α for different n and for κ = 1, −1. The sequence of extremum points α ext in these Tables are obtained by solving the equation dI α,n /dα = 0 and using method i) of Appendix B.2. Here we only obtain one sequence of extremum points based on this method which we have shown in Tables 8 and 9 .
A few points are in order: -The extremum points α ext form an increasing sequence as a function of n. This is expected since in going to higher orders of the expansion we expect to obtain more accurate results and this happens when the coupling is suppressed more 7 . As n → ∞ we expect this 5 When κ = −1 the expansion of the quadratic term in the expansion becomes a divergent expansion since
4 the term κ 2α 2 should also become smaller in order for more terms in the expansion to become useful, this clearly happens since when choosing a large value of α both λ/α 4 and κ 2α 2 are suppressed. 6 For the integral of (2.2) (and in most other examples) we are mainly concerned with the zero first derivative points of I α,n , but in certain examples we consider later in the paper in Subsection 4.2 the zero points of the higher derivatives will also find applications. 7 We will later encounter cases which there are more than one sequence of increasing αext, with the other ones appearing at higher orders in the expansion. These 2nd, 3rd, etc sequences of αext, labeled by αext,2, αext,3, etc have values smaller than the 1st sequence and their I α ext,2 ,n , I α ext,3 ,n , etc sequences converge faster .005732583 Table 9 : Numerical values of I α,n (λ, −1) = n i=0 I α i (λ, −1), with I α i (λ, −1) given by relation (2.3), at its extremum points with respect to α for different n. sequence to increase unboundedly since otherwise for any bounded value of α the expansion will diverge after a certain order.
-At even values of n there are no real extremum points for α therefore we have included the complex extremum point with a real part greater than the previous extremum point and smaller than the extremum point after and with the smallest absolute value of the imaginary part possible. In this case we obtain a complex value for I αext,n which the real part can be considered, the imaginary part of I αext,n is not of interest to us and it should eventually go to zero if higher terms in the expansion are summed with the same complex extremum point, since the integral of (2.2) is real and should be independent of α.
-When κ = −1 from Table 9 it can be seen that the convergence rate becomes worse at (relative) weak coupling. The reason is that in this case the expansion of the quadratic term to the quantity of interest compared to I α ext,1 ,n . The discussion in the previous paragraph refers to only one of these sequences. For examples which we obtain many sequences of extremum points refer to Appendix B or C and for a discussion on two main methods of identifying these sequences of extremum points refer to Appendix B.2.
in the expansion is a divergent expansion (note that |−1+κ/2α 2 | > 1 for κ = −1), therefore it would need the help of the quartic term to form a convergent expansion. When λ is small the quartic term cannot provide enough compensation therefore it becomes more difficult to obtain convergence. But Table 9 shows a good convergence rate at (relative) strong coupling and Table 8 shows good convergence rate for all positive values of the coupling λ.
-When the exponent of the integral of (2.1) contains higher powers of x: x 5 , x 6 , ... it is more efficient to associate more powers of to these terms. A discussion on this matter is done in Appendix B.1.
-For a multi-dimensional integral we have the freedom of rescaling each variable with an independent free parameter. In this case it is important to choose these parameters in a way as to obtain more efficient results. We will consider an example of a multi-dimensional integral in Subsection 4.2.2.
As mentioned the convergence rate in Table 9 becomes worse at weak coupling but the sequence of I αext,n (λ, −1) does converge to the full result of the integral, the reason for this as mentioned was that the expansion of the quadratic term in the expansion becomes a divergent expansion, in order to avoid this one might try expanding about one of the minimums of the negative of the exponent in relation (2.1) for κ = −1 (e.g.
. But in this case although the expansion of the quadratic term in the expansion will turn into a convergent expansion as can be seen from (2.5) but we will also obtain a new term 2 √ λx 3 as can be seen from (2.4). As discussed earlier the expansion of the term 2 √ λx 3 in (2.4) is not a well defined expansion (by itself) but the expansion of the term −λx 4 is well defined therefore at the (relative) weak coupling regime λ 2 √ λ the convergence rate will still become worse, furthermore in this case as we will see below the expansion will not show convergence to the full result of the integral. Here we will discuss this and try to find a way to obtain convergence to the full result. From (2.1) for κ = −1 and
to obtain a convergent expansion introduce an α parameter in (2.4) by rescaling x → x/α, next add and subtract a Gaussian term in the exponent of the integrand, we obtain
after expanding (2.5) in (= 1) and evaluating the Gaussian integrals we obtain
note that the expansion of I α (λ, −1) in (2.5) in (= 1), namedĪ α (λ, −1), might not be equal to I α (λ, −1). The results of evaluating the partial sumĪ α,n (λ,
, at its extremum points with respect to α are summarized in Table 10 which clearly does not show convergence to the exact result at weak coupling. Also the convergence rate becomes worse at weak coupling, for example consider the results of this Table for λ = 1/100 which are not showing convergence to a clear number, at least to the order studied. The reason for this is that the asymptotic perturbative expansion of (2.4) in the coupling λ does not capture the full result of the integral or in other words it is not Borel summable to the full result of the integral. In general when the perturbative expansion in the coupling does not capture the full result it is clear that we should not expect that its modified convergent expansion to converge to the full result. As mentioned in the literature, e.g. [2] , the presence of other saddles of the exponent of the integrand of (2.4) in the path of integration along the real axis can result in the non-Borel summability of the asymptotic expansion in the coupling λ to the exact result. One solution to this problem is to deform the contour of integration into the complex plane along paths called steepest decent paths such that the exponent along these paths would be a monotonic function on either side of the point of expansion and in this case by a change of variables it is possible to show that the expansion along these steepest decent paths is Borel summable to the exact result. The full integral is then recovered by the sum of the integrals along the steepest decent paths. Another approach called exact perturbation theory (EPT) is to write the integral of (2.4) in the following way
in this approach no deformation of the contour of the integral is needed and it can be shown that the expansion of (2.7) in the coupling λ is Borel summable to the exact result. To recover the original integral of (2.4) λ 0 is set to λ later 8 .
Here in order to obtain convergence to the full result of the integral of (2.4) we discuss a different solution to the above problem. The main difficulty in evaluating such integrals is the presence of odd terms in the exponent. When the integral of (2.5) is expanded in (or the integral of (2.4) is expanded in the coupling λ) these odd terms give rise to odd integrals which vanish. This can be considered as some loss of information. When evaluating the integral directly we are summing over only positive quantities and hence there is no cancelation happening between the different regions of integration. Therefore if somehow the information of the odd terms is kept in the expansion we might expect that the result of the expansion would converge to the exact result. For this we can rewrite the integral in (2.4) as follows
now there is no odd term in the exponent. Therefore we can expand the integrals I 1 (λ, −1) and I 2 (λ, −1) separately and later sum them together to obtain the full result. Introducing an α parameter in the integrals of (2.8) we obtain
Expanding (2.9) in (= 1) we have
The results of Table 10 show that the expansion of (2.6) does not converge to the exact result at weak coupling whereas from Tables 11-14 it can be seen that the expansions of (2.10) apply the convergent expansion to the EPT method as to obtain convergence to the exact value of the integral of (2.4) (or (2.7) for λ0 = λ) in the weak coupling regime by associating more powers of to the x 3 term (e.g. 3/2 2λ 3/2 x 3 /λ0) which was not very successful and the result showed convergence to the previous value obtained from the convergent expansion of (2.4).
do converge to the exact result. In the next Section we will show how this new method can be applied to the path integral formalism, although the evaluation of the absolute value terms will not be easy in the path integral formalism but possible in principle. 
at the extremum points of α, with I α 1,i from relation (2.9) given by I α Table 13 : When I α 1 (1/100, −1) and I α 2 (1/100, −1) from (2.10) are evaluated separately then summed we obtain convergence to the exact result I(1/100, −1). At the end of this Section we discuss another way of writing the integral of (2.2) which would resemble the original expression (2.1) for κ = 1 and in Section 4 a similar procedure will be applied to quantum field theory. Consider (2.2) for κ = 1, after rescaling
setting = 1 in the integral of (2.11) gives λ | =1 = λ, α √ γ| =1 = 1 and therefore the original expression of (2.1) for κ = 1 is recovered but now in order to obtain the convergent expansion of (2.2) for κ = 1 to order k we can first expand the integral of (2.11) in λ to order k then reorganize everything in the form of an expansion to that order, set to one and extremize with respect to the free parameter α introduced in the expansion. It is clear that the factor of 1 α √ γ in (2.11) came from rescaling x and it carries information regarding some actual terms of the expansion of (2.2) in , therefore it cannot be eliminated or raised to a certain power simply due to the fact that α √ γ| =1 = 1. If so we will be losing information regarding some terms of the expansion of (2.2) and will not obtain efficient results as Table  15 clearly shows this. Eliminating the factor of 1 α √ γ in (2.11) and expanding in powers of λ we obtain the following expression
with λ given by (2.11). Reorganizing the expansion in (2.12) in the form of an expansion, setting to 1 and extremizing with respect to α we obtain the results of Table 15 for λ = 1.
From Table 8 at n = 4 the difference between I αext,n and I(1, 1) is of order ∼ 0.001 but at order n = 22 the difference between I αext,n triv.
and I(1, 1) is of order ∼ 0.01, therefore it is clear that the evaluation becomes less efficient in (2.12). We refer to free parameter insertions in perturbative expansions in the coupling such as (2.12) as trivial insertions of a free parameter since in this insertion no use has been made of the original expression which gave rise to this perturbative series. In other words the free parameter insertion of (2.12) did not genuinely come from rescaling the variables in the theory as in (2.11) and it corresponds to merely replacing λ → λ in the perturbative expansion of (2.1) in λ for κ = 1 which could have been done for any other perturbative series in λ. 
12)) at its extremum points with respect to α for λ = 1. Therefore given an asymptotic perturbative series in a coupling λ, it is possible to insert free parameters and the parameter of expansion into the perturbative series trivially in many different ways, one simple way is to make a replacement λ → λ /{α 2 (1 − (1 − 1/α 2 ))}, then we can rearrange the expansion at each finite order in the form of an expansion in to that order, set to one and extremize with respect to the free parameter α, similar to the discussion related to relation (2.12). In this case it is likely that we will obtain a sequence that converges to the result of the previous asymptotic expansion. But with knowing the original expression that gave birth to the asymptotic perturbative series it is possible to insert the free parameters and the parameter of expansion into the expansion by rescaling the variables available in the theory, similar to relation (2.11), which in this case the convergent expansion in obtained would be a lot more efficient compared to when the free parameters and the parameter of expansion are inserted in an arbitrary different way into the perturbative series. In the next two Sections we will apply this simple procedure to quantum mechanics and quantum field theory and show how to insert free parameters and the parameter of expansion into the theory by rescaling the variables available in the theory.
A convergent formulation for nonrelativistic quantum mechanics
In this Section we formulate a convergent expansion for nonrelativistic quantum mechanics. In Subsection 3.1 we develop a convergent expansion for the time independent Schrodinger equation and solve for the eigenenergies and eigenfunctions of quantum mechanical systems, in particular we solve for the numerical values of the eigenenergies of the anharmonic, pure anharmonic and the double well oscillator and compare them with the known values in the literature. In Subsection 3.2 we develop a convergent expansion for the path integral formalism.
Convergent expansion of the time-independent Schrodinger equation
Consider the time-independent Schrodinger equation for a potential V (x)
assume the potential is bounded from below and expandable in powers of x, V (x) = κ (now x is dimensionless) and divide the whole equation by α 2 ω 9 , next add and subtract in the brackets the termω 2 x 2 /2, after introducing 9 The general procedure for introducing free parameters into the theory is to first rescale the variables available in the theory then add and subtract a term which we want to perform the expansion about, here being the harmonic oscillator Hamiltonian. In the time independent Schrodinger equation (3.1) there are two variables to rescale, one is x and the other is the wave function or simply the freedom to divide both sides of the equation by an arbitrary parameter, therefore we can divide the whole equation by β ω instead of α 2 ω, after doing this, adding and subtracting a harmonic oscillator Hamiltonian and introducing the parameter of expansion we obtain
in order to recast (3.2) to a more convenient form divide both sides of the equation
with ω 2 = (ω 2 − ω 2 )/γ, now we can solve (3.3) perturbatively in and later reorganize the expansion in terms of an expansion to a certain order (note thatγ also carries an dependence). In general the different independent free parameters introduced in the theory can be chosen in a way as to obtain more efficient results or to simplify our expressions. Here we have set β = α 2 in (3.2) or (3.3) which leads to (3.4) and simplifies the expression.
the parameter of expansion we obtain
ω can be chosen as convenient, for the quantum mechanical examples studied in this Subsection we will set it to one but here we will keep it general. V (x) corresponds to the introduced potential. As a reminder we can no longer expand in the couplings of the theory as this will make the free parameter α to cancel in the expansion and the previous asymptotic expansion is recovered. In general the introduction of the parameter should be in a way as to give more efficient results. As noted in the previous Section it is more efficient to include more powers of for terms with higher powers of x. Based on the discussion in Appendix B.1 we introduce the parameter of expansion in the following way
and the coefficientsb α 2 ,b α 3 , ... are given bȳ
after evaluating the expansion to a certain order in , is set to one. To solve for the eigenenergies and eigenfunctions perturbatively in we use the Bender-Wu recursion relation [8] which is an efficient method for solving for the eigenenergies and eigenfunctions of quantum mechanical systems and has been worked out in more detail by Sulejmanpasic and Unsal in [9] . Here we will rederive the recursion relation as to make it suitable for the introduction of a free parameter and the expansion in powers of . We write the wave function as ψ(x) = u(x) exp(−ωx 2 /2) and insert it in (3.4) to obtain
to solve for the eigenenergies and eigenfunctions perturbatively in expand u(x) = u 0 (x) + u 1 (x) + ... andĒ =Ē 0 +Ē 1 + ... in powers of . After inserting in (3.8) and equating powers of we obtain
v n (x) = 0 for n < 1 and summation over s is implicit. We have replaced the potential in (3.8) with the following general formV
n v n (x) in (3.9) for convenience, with
relation (3.9) for l = 0 reduces to
which has the solution u 0 (x) = H ν ( √ω x) andĒ 0 =ων for ν = 0, 1, ... with H ν (x) the Hermite polynomial functions 10 . This gives E 0 = α 2 ωω(ν + 1/2). Note that the zero order energy in the expansion picks up an α andω dependence which should not bother us since the expansion term also includes a term proportional to x 2 that carries an α andω dependence. Next write u l (x) = K l k=0 A k l x k , with K l (refer to Appendix A.1 for a derivation) given by the following relation
and A k l = 0 for k < 0 or k > K l , after inserting u l (x) in (3.9) and equating powers of x we obtain
summation over t s is implicit. To solve forĒ l and A k l assume A k q for k = 0, ..., K q andĒ q are known for q < l and try to solve for A k l for k = 0, ..., K l andĒ l . Similar to [9] for a normalization of the wave functions we take A ν 0 = 1 and A ν q = 0 for q > 0. First set k = ν and solve forĒ l for l > 0, we obtain
In order to obtainĒ l , A ν+2 l should be known. For this solve for A k l for k > ν from (3.13)
Note that A k 0 = 0 for k > ν since the Hermite polynomial functions H ν are of degree ν and therefore the termĒ l A k 0 vanishes. From (3.15) solve for A k l for k > ν by starting from k = K l down to k = ν + 1. Note that A k l = 0 for k > K l therefore when starting from k = K l all the quantities on the righthand side of (3.15) are known by assumption. From here A ν+2 l is determined and it can be used to solve forĒ l in relation (3.14). OnceĒ l is known we can use (3.13) again to solve for the remaining coefficients A k l for k < ν
(3.16) 10 Here we refer to the Hermite polynomial functions that satisfy the Hermite differential equation:
From (3.8) the partial sum of the eigenenergy
and the coefficients A k of the eigenfunction ψ(x) = exp(−ωx 2 )
Similar to (3.17) we can form the partial sum of these coefficients A k,n ≡ n l=0 A k l and evaluate their extremum values with respect to the free parameter α introduced at order n to obtain a convergent sequence. Next we apply the above formalism to quantum mechanical systems and solve for their eigenenergies using the convergent expansion. We consider the anharmonic, pure anharmonic and double well potentials V κ (x) = κmω 2 x 2 /2 + λx 4 for κ = +1, 0, −1, m, ω > 0. The corresponding α and introduced potential is
and we have setω = 1. From relation (3.12) it can be verified that K l = ν + 4l with l the order of the expansion. For this potential relation (3.14) reduces to
also for (3.15) for k > ν we have
and (3.16) to be solved for k < ν reduces to
The coefficients A k 0 for k = 0, ..., K 0 (= ν) correspond to the Hermite polynomial coefficients and are known 11 , alsoĒ 0 = ν. Therefore starting from q = 1, with following the procedure outlined in the previous page, we can solve for A k q for k = 4q + ν, ..., 0 andĒ q up to any desired order q = n.
Relation (3.17) can be used to solve for the energy levels of these quantum mechanical systems. Evaluating E α,n at its extremum points with respect to α gives a sequence that converges to the desired energy level. The results of this analysis for the eigenenergies of , H3 = x 3 − the anharmonic, pure anharmonic and double well potentials are summarized in Appendix C and are compared with the known values in the literature. As can be seen from the Tables of Appendix C the results obtained using this method show good convergence for all positive values of the coupling for the anharmonic oscillator, similarly for the pure anharmonic oscillator good convergence rate is obtained for all positive values of the coupling but for the double well potential it becomes more difficult to obtain convergence at weak coupling due to a similar reason mentioned for the one dimensional integrals in the previous Section that when κ = −1 the expansion of the quadratic term in the expansion is not well defined and it becomes a divergent expansion 12 and it would need the help of the quartic term to form a convergent expansion, when λ is small the quartic term cannot provide enough compensation therefore it becomes more difficult to obtain convergence 13 . If we expand about one of the vacuums of the double well potential in order to avoid having a divergent expansion for the quadratic term in the expansion, the perturbative expansion, as it is well known, will not converge to the full result but will only converge to the perturbative part of the vacuum energy and will not capture the contribution of the instantons. In this case the potential involves an odd power of x and there will be some loss of information happening in the expansion due to the presence of this odd term similar to the discussion related to Table 10 of Section 2. But when we expand about the symmetrical point of the double well potential the perturbative expansion converges to the full result, since in this case the potential only involves even terms and therefore there is no loss of information which could have been the case if there were odd terms present in the potential (refer to Section 2 for a discussion on this matter in the simpler context of one dimensional integrals). To see this more explicitly consider the following double well potential V dw (x) = λ 2 (x 2 − 1 4λ ) 2 , expanding this potential about one of its vacuums by replacing
For this potential κ, m and ω are set to one and from (3.5), b 2 = 1/2, b 3 = − √ λ and b 4 = λ/2, therefore after setting andω to one the corresponding α and introduced potential of (3.6) becomes
now in (3.22) |b α 2 | < 1/2 therefore the expansion of the quadratic term in the expansion will be a convergent expansion. Using the potential of (3.22) and with following similar steps sketched after relation (3.18) and using (3.17) we can solve for the perturbative part of the vacuum energy of the double well potential. The result of this analysis is shown in Table 36 of Appendix C for λ = 3/100 and compared with the exact value of the vacuum energy from x 2 in (3.4) forω = 1. 13 Note that for the pure anharmonic oscillator although the expansion of the quadratic term in the expansion is not well defined (by itself) but the convergence rate at weak coupling is good (this has been verified in numerical calculations, also refer to the first footnote in the Introduction Section for a similar discussion in the context of one dimensional integrals). [10] . From this Table it can be seen that the result does not capture the contribution of the instantons and converges only to the perturbative part of the vacuum energy, as expected. Also note that for λ = 3/100, λ/2 < | − √ λ| therefore we are in the (relative) weak coupling regime and the convergence rate becomes less efficient.
Therefore with applying the convergent expansion method to the time independent Schrodinger equation we can obtain accurate results for the eigenenergies 14 of the anharmonic oscillator and pure anharomonic oscillator problems for all positive values of the coupling but for the double well potential problem accurate results that capture the full result can only be obtained at strong coupling, since at weak coupling convergence becomes difficult when expanding about the symmetrical point of the double well potential. Another point to consider is that due to the rescaling of x by a free parameter in relation (3.4) and the modified expansion in the parameter the coefficients A k of the wave function obtained using the convergent expansion method need not be the same as when these coefficients are obtained using the conventional asymptotic expansion in λ, but we do expect the full wave functions to be equivalent and related in a nontrivial way in terms of their x dependence. We illustrate this point by the following example
c j x j /α j expanding the above exponent in the (= 1) parameter we obtain the function below
it is clear that c j and c j are different coefficients but g(x ) and f (x) are related in a trivial way by g(x ) = f (x /α). Similarly we expect the wave functions obtained using the convergent expansion method and the conventional asymptotic expansion method to be equivalent but related in a nontrivial way in terms of their functionality on x.
Convergent expansion of the path integral formalism
In this Subsection we apply the convergent expansion method to the path integral formalism. Consider the path integral representation of a transition amplitude in quantum mechanics in Euclidean space:
H is the Hamiltonian, L = 1 2 mq 2 + V (q), q(t i ) = q i and q(t f ) = q f . Similar to the previous Subsection we take the potential V (q) = κ 14 By a similar procedure we expect to be able to obtain the coefficients A k of the wave function by evaluating the extremum values of the partial sum A k,n ≡ n l=0 A k l and obtaining a sequence that converges to A k .
For a harmonic oscillator Lagrangian L ho = 1 2 mq 2 + 1 2 mω 2 β 2 1 q 2 with zero boundary conditions we have [11] :
Here β 1 is a free parameter. Dividing and multiplying (3.23) by Z ho we have:
with V α (q; q cl ) given by
where we have also introduced the parameter of expansion 16 into the expression for the potential in (3.28) and in (3.27). To rewrite the expression in a more convenient form rescale q → q/η, with η = (1
15 In general one might choose to add and subtract a term (mq 2 /2 + mω 2 β 2 3 q 2 /2) with β3 an arbitrary free parameter. For simplicity we have set β3 = 1. In general the introduction of those free parameters will be more useful which lead to the suppression of the couplings. 16 This has to be done in a way as to give more efficient results. One way is based on the prescription of Appendix B.1 which the parameter is introduced in the following way: n q p for 4(n − 1) < p ≤ 4n.
the boundary conditions for (3.29) and (3.30) are q(β 2 t f ) = q(β 2 t i ) = 0. Hence the convergent expansion of the transition amplitude (3.25) takes the following form
exp (−S / ), S and S ho given by (3.29) and (3.30), respectively. Therefore (3.32) can be expanded in to a certain order and reorganized in terms of an expansion to that order (note that ω also carries an dependence) and extremized with respect to the free parameter(s) introduced in the expansion after setting to one. In general the independent free parameters introduced in the theory can be chosen in a way as to obtain more efficient results or to simplify our expressions. One convenient choice that simplifies the expansion considerably is to set β 1 = β 2 = α 2 , in this case η = 1 and ω = ω.
Next we illustrate how we can turn the expansion of (3.32) into an expansion that we expect to converge to the full result, similar to the method which was discussed for the one dimensional integral in the previous Section. In expanding (3.32) in any term in the expansion that has an odd power of q would vanish due to an odd integral. In performing a direct evaluation of the path integral, e.g. performing a lattice calculation, there is no cancellation happening for the odd terms between the different regions of the integration space since the exponential of a real number is always positive. When expanding these odd terms in a perturbative series this cancellation happens, this can be considered as some loss of information and results in the fact that the perturbative expansion does not converge to the exact result. With retaining the information in these odd terms we expect to obtain an expansion that would converge to the exact result. Although the evaluation of these odd terms, which involve an absolute value, will not be easy in general, but this method involves an interesting message and that is the fact that it is possible to have perturbative expansions in the couplings or the parameter (here being the two perturbative expansions of Z 1 and Z 2 in (3.34)) that would capture the full result, in analogy with the discussion of the one dimensional integrals in the previous Section. 
(t) → −q(t).
Therefore we have
using (3.33), (3.32) can be written in the following form
with Z 1 and Z 2 given by
In general the evaluation of the absolute value terms in (3.35) are not easy (but possible in principle) but (3.34) when expanded in , in analogy with the one dimensional integrals of (2.8) and (2.9) and for when Z 1 and Z 2 from (3.35) are evaluated separately, is an expansion that is convergent, it is for all positive values of the couplings 17 and it is expected to capture the full result in perturbation theory.
One way to evaluate the absolute value terms is to write them in the form of a square root squared and expand the square root, in the following way
an¯ (= 1) parameter is introduced to indicate that the square root is to be expanded in this parameter. β is a free parameter similar to β 1 , β 2 and α. Therefore using (3.36), (3.35) can be evaluated to a certain order in the¯ (= 1) and (= 1) expansion and extremized with respect to the free parameter(s) introduced in the theory.
A convergent formulation for quantum field theory
In this Section, with following a similar approach as the previous Sections, we develop a convergent formulation for quantum field theory. We consider φ 4 theory and quantum electrodynamics. We will be mostly concerned with the general formalism but in order to provide confirmation for this formalism we apply the convergent expansion method to improve the electron g-factor calculation at the one loop level.
A convergent formulation for φ 4 theory
Consider the action of φ 4 theory in renormalized perturbation theory
to introduce free parameters into the theory rescale x µ → x µ /α, φ → βφ, add and subtract the term
in the Lagrangian, we obtain
we keep β and α different. If we choose β equal to α they would cancel in the term −β 4 /α 4 λφ 4 and there will be no suppression in the coupling. Now we have an expansion term with the introduced free parameters and a Gaussian term independent of the free parameters in (4.2). Similar to before we want to expand in (= 1). In this expansion we keep the same renormalization conditions as the original theory (4.1) and later set to one and extremize with respect to the free parameter α (after setting β equal to a certain power of α, e.g. β = √ α ) 19 to obtain the optimum result. We can recast (4.2) to a more familiar form by rescaling the field φ → {1 − 1 − β 2 /α 2 } −1/2 φ , we have
with m 2 and λ given by the following relations
18 Here we have the freedom to add and subtract
2 φ 2 withm an arbitrary free parameter. For simplicity we have chosenm = m. In general the introduction of those free parameters will be more useful which can be used to suppress the couplings of the theory. 19 In general there are two free parameters introduced, α and β corresponding to the rescaling of space-time and the φ field, respectively. It might be tempting to extremize with respect to both parameters and search for the extremum point of a two-dimensional surface. However it is not clear whether this will give a significant advantage over setting β equal to a certain power of α (e.g. β = √ α) and extremizing with respect to only one parameter, namely α. In this work we only consider extremization with respect to one parameter. When setting β in terms of α it is important to do this in a way as to obtain more efficient results. Refer to the comment below relation (4.42) for a discussion on this matter in a simpler context. and δ z , δ m and δ λ for = 1 are given by
in general for an value smaller than one clearly δ z , δ m and δ λ will be different from δ z , δ m and δ λ therefore we have only shown their relationship for when is set to one. We call (4.3) the prime theory. To see which renormalization conditions we will obtain for the prime theory lets apply the transformations above from (4.1) to (4.3) to the two point function of φ 4 theory
note that the integration variable in (4.2) is rescaled to x µ → x µ /α therefore the external points will be rescaled to x i → αx i for i = 1, 2 hence x i = αx i . Taking the Fourier transform of both sides of (4.6) with respect to x i we have
with p i = p i /α for i = 1, 2. The symbol ∼ means proportional to or equal up to a constant. The renormalization conditions for (4.8) will bē
as previously noted in expanding (4.2) in we want to keep the same renormalization conditions of the original theory (4.1) therefore the renormalization conditions of (4.9) for the prime theory are set in a way as to give the same pole and residue of the propagator of the original theory (4.7) at any order of the expansion when we replace p i → p i /α in (4.8).
Next lets see which renormalization condition we will obtain for the 2-particle scattering amplitude in the prime theory. The relation between correlation functions and S-matrix elements is given by the LSZ reduction formula [6] : 
with S = 1 + iT and p 2 , p 4 |iT |p 3 
. Therefore the scattering amplitude in the prime theory should be set to −i λ when
this completes the discussion of the renormalization conditions of the prime theory. It is clear that when is set to one (4.8) and (4.11) should reduce to (4.7) and (4.10) respectively since in this case we have merely performed a rescaling of space-time x µ → x µ /α and φ → αφ in a closed expression. In order for (4.8) to reduce to (4.7) for = 1 we should havē 1 . This means that if we are using dimensional regularization to regularize the theory and our primed quantities have a left over free parameter dependence when is set to one, this left over free parameter dependence should be taken out of the dimensional regularization procedure when we replace 4 → d. As an example to illustrate this point consider M 2 (p 2 1 ) evaluated to one loop order and regularized with dimensional regularization [6] :
in the prime theory this is given by
20 Note that when applying the rescalings of (4.1) to (4.3), in particular when rescaling the dummy integration variables x µ → x µ /α the external points of the four point function in φ 4 theory will be rescaled to xj → αxj but this rescaling should not be applied to the xj in the Fourier transform integral. A simpler way to see this is that we first apply the rescalings of (4.1) to (4.3) to the four point function of φ 4 theory which in particular will result in the rescalings of external points xj → αxj, then we apply the Fourier transform with respect to xj similar to how it was done for the two point function in relations (4.6) to (4.8).
21 As a reminder we note that in the language of Feynman diagrams the square root of the residue of the external propagators have to be absorbed into the scattering amplitude in order to reproduce the LSZ reduction formula hence the factor of
however it is clear that the quantities evaluated in the prime theory have to reduce to the original theory with considering the appropriate prefactor for correlation functions and scattering amplitudes (e.g. the factor of (η) in (4.6) or the factor of (η 2 /α 16 ) in (4.11)) when is set to one and the primed quantities are replaced by their original expressions. Since m 2 | =1 = m 2 /α 2 we have to extract this left over 1/α 2 factor from the dimensional regularization procedure as follows
now when is set to one, to one loop order we will obtain −iM
/α 2 and with applying the renormalization conditions of (4.9) (or using the general relations of (4.5)) to one loop order we obtain
To summarize for a convergent expansion of φ 4 theory in renormalized perturbation theory all the calculations can be done in the prime theory with renormalization conditions given by (4.9) and (4.12). If we are evaluating an n-point correlation function: T φ (x 1 )...φ (x n ) , we multiply this by η n/2 , the factor resulting from rescaling each field by φ → η 1/2 φ from (4.1) to (4.3), we obtain η n/2 T φ (x 1 )...φ (x n ) and if we are evaluating an S-matrix element with n external momenta: p r+1 , .., p n |S |p 1 , ..., p r , we multiply this by (η n/2 /α 4n )(α n /η n/2 )(α 2n ) = α −n , we obtain α −n p r+1 , .., p n |S |p 1 , ..., p r 22 . Next in order to retrieve the original theory we replace m and λ by their expressions given by (4.4) and make the replacements x j → αx j for external points when evaluating correlation functions and p j → p j /α for external momenta when evaluating S-matrix elements. If we want to evaluate the quantity of interest to order k in the expansion we can first evaluate it to order k in the λ expansion then reorganize everything in terms of powers of up to order k and finally set to one and extremize with respect to the free parameter(s) introduced in the theory 23 . As a reminder we note that the (= 1) expansion contains the previous asymptotic expansion in the coupling λ as a particular case since when the free parameters are set to one the (= 1) expansion reduces to the previous asymptotic expansion in the coupling λ, but now in order to obtain a convergent sequence we have to evaluate every finite order of the (= 1) expansion at its extremum points with respect to the free parameter(s) introduced.
22 As stated in the footnote of the previous page when evaluating iM (p 1 , ..., p r → p r+1 , ..., p n ) the extra factor coming from the square root of the residue of each propagator which is (α 2 /η) n/2 should also be taken into account. 23 Here we remind the reader that the terms that we obtain from rearranging the expansion in λ to order k in terms of an expansion to order k correspond to the terms in the expansion of (4.2) in , in analogy with the one dimensional integral of (2.11). When expanding the integral of (2.11) to order k in λ , then rearranging the expansion in terms of an expansion to order k, the terms obtained from this rearrangement correspond to the terms in the expansion of (2.2) in for κ = 1 to order k. This is to be compared with the expansion of (2.12). In (2.12) when the expansion to order k in λ is rearranged in terms of an expansion to order k in , the terms obtained from this rearrangement do not correspond to terms coming from an expansion of the integral of a perturbed Gaussian integral and they are just simply a rearrangement of the expansion to order k in λ in terms of an expansion to order k in .
A convergent formulation for QED
In this Subsection we develop a convergent formulation for quantum electrodynamics. To provide confirmation for this formalism we improve the electron g-factor calculation at the one loop level using the convergent expansion. Consider the action of quantum electrodynamics in Feynman gauge in renormalized perturbation theory 24
to introduce free parameters in the action rescale space-time x µ → x µ /α and the fields
now we want to expand (4.17) in with keeping the same renormalization conditions of the original theory (4.16). To transform this to a more familiar form rescale the fields by
with e and m given by the following relations e = e α 4
And the counter-terms for = 1 are related in the following way:
To discuss the renormalization conditions of the prime theory (4.18) in more detail consider the Fourier transform of the photon two point function in Feynman gauge
applying the rescalings of (4.17) and (4.18) to the two point photon correlation function of (4.20) and taking its Fourier transform with respect to x 1 and x 2 we have
with q = q/α,q =q/α and η 1 = β 2 1 /(1 − (1 − β 2 1 /α 2 )). Therefore when expanding (4.17) in (= 1) in order to have a residue of one for the photon propagator at any order in the expansion when we replace q → q/α we should set
similarly for the fermion two point function we have
applying the rescalings of (4.17) and (4.18) we have
. In order for (4.24) to have the same renormalization conditions as (4.23) at any order in the expansion when p → p/α we should havē
next we discuss the renormalization condition of the electron vertex function in the prime theory. Consider the Fourier transform of the fermion four point function 25 . In taking the on shell limit of the external momenta for two incoming fermions with momenta p 1 and p 3 and two outgoing fermions with momenta p 2 and p 4 we have 4 . We note that here our main concern is to see how the rescalings made in (4.17) and (4.18) will effect the renormalization condition for the electron vertex function in the prime theory and we are less concerned with the details of the relation between correlation functions and scattering amplitudes which is standard textbook material, however for completeness of the discussion we include these details here. Now lets see how this will work out when we apply the rescalings of (4.17) and (4.18) and in particular for the prime theory 
There is also the square root of the residue of the photon propagator in the middle that contributes to the charge renormalization of each vertex in the prime theory, taking that into account and distributing the extra factors symmetrically on both vertices we obtain
as noted the factor of η 1 /α 2 in the middle cancels with the residue of the full photon propagator in the prime theory according to (4.22) . From the above relation the electron vertex function in the prime theory is −i
e {γ µ +...}, therefore the vertex renormalization condition should be set to
Evaluating the extra factors of α and η 2 in the last line of (4.27) when replacing p j → p j /α we find that there is an extra factor of η 2 2 /α 16 α 6 /η 2 2 (α 8 )(1/α 2 ) = 3 , p 1 , s 1 1→2 since when is set to one we have merely performed a rescaling of space-time x µ → x µ /α and the field variables ψ → α 3/2 ψ and A µ → αA µ in a closed expression.
When replacing the primed momenta in terms of their unprimed expressions the 1 α 4 factor multiplying p 2 , s 2 , p 4 , s 4 |S |p 3 , s 3 , p 1 , s 1 1→2 cancels with an α 4 factor coming from the four (primed) momentum conservation delta function, also each vertex should get multiplied by an extra factor of α coming from the replacement of 1/q 2 in the middle photon propagator by α 2 /q 2 and distributing the α 2 factor evenly on the two vertices. Note that this α 2 factor does not contribute to the photon propagator in the middle since in relation (4.21) all the α factors cancel when replacing q → q/α andq →q/α and applying the renormalization condition of (4.22) . This extra factor of α cancels with a 1/α factor coming from replacing the primed momenta of the fermion spin vectors in terms of the unprimed ones,ū
being the electron vertex function of the original theory (4.16).
To summarize, for the evaluation of an S-matrix element in QED in renormalized perturbation theory using the convergent expansion method for n external fermions and m external photons, all the calculations can be done in the prime theory quite similar to the original theory but with renormalization conditions given by (4.22), (4.25) and (4.29), then we multiply the S-matrix element in the prime theory by any prefactor as compared to the original theory, this is given by (η , if we want to evaluate the correlation function or S-matrix element to order k in the expansion we can first evaluate them to order k in the e expansion, replace e and m by their expressions given by (4.19) and replace the external momenta p j → p j /α when evaluating S-matrix elements and the external points x j → αx j when evaluating correlation functions, then rearrange the expansion in terms of an expansion to order k, set to one and extremize with respect to the free parameter(s) introduced in the theory 26 .
Therefore given a field theory with identifying the prime theory associated with that field theory and its corresponding renormalization conditions, one can perform the perturbative expansions in the prime theory with considering the appropriate prefactors for correlation functions and S-matrix elements. The previous asymptotic expansion can be obtained by simply setting to one and a convergent expansion can be obtained by rearranging the expansion at each finite order in terms of an expansion in to that order, setting to one and extremizing with respect to the free parameter(s) introduced in the expansion.
Evaluation of the electron g-factor at one loop using the convergent formalism
In order to provide confirmation for the general formalism developed in this Section, in this Subsection we improve the electron g-factor calculation at the one loop level using the convergent expansion method. All the calculations can be done in the prime theory similar to the original theory but with noting that the renormalized mass is m/α and it is different from the propagator mass m . This point will become more clear as we carry out the calculations. Lets consider the one loop contribution to the electron vertex function in the prime theory Figure 1 : Electron-photon vertex at one loop level in the prime theory of QED = 2ie
note that in evaluating (4.30) we have to use the relations
)m/α as we set the renormalization condition at the physical mass of the original theory. Combining the denominators using the method of Feynman-Schwinger parameters we obtain
with D given by
after simplifying the above relation using
Next we evaluate the numerator
the term proportional to q µ in (4.36) vanishes when performing the integral over x and y, as expected from the Ward identity
. Hence all we need to do is to calculate F 2 (q 2 ) in the prime theory and reorganize the expansion in terms of an expansion, set to one and extremize with respect to the free parameter(s) introduced in the theory. From (4.36), F 2 (q 2 ) is given by
using the identity
setting q 2 = 0 we can extract the factor a e = (g − 2)/2 = F 2 (0) evaluated to one loop order, we find
27 As a consistency check it can be seen that setting m/α equal to m we obtain a similar relation as in Section 6.3 of [6] .
after simplifying the integrand of (4.39) using the identity
with m and e given by (4.19) and α QED = e 2 /4π. Setting = 1 in (4.40) gives κ(1) = 1 and therefore the usual one loop calculation of the electron g-factor is recovered but now the goal is to expand F 2 (0) to third order in by expanding κ( ) = κ α Tables compare the one loop evaluation of a e = (g − 2)/2 using the convergent expansion method given by κ αext 23 α QED /2π for κ α 23 = κ α 2 +κ α 3 , with the one loop and higher loop evaluations of a e using the conventional asymptotic expansion method in the coupling e given by a e (one loop) = α QED /2π = κ α=1 23 α QED /2π = 0.00116141 28 and a e (higher loop) = 0.001159652.. , respectively, with considering different values for β 1 and β 2 in terms of α. In these Tables we have included the smallest α ext value which is greater than one. The zero point of the first derivative of κ α 23 with respect to α does not change the value of a e (one loop) converg. exp. considerably as compared to when α is one as is the case for the zero point of the second derivative in Tables 16 -19 . However the evaluation of a e (one loop) converg. exp. = κ α 23 α QED /2π at the zero point of its third derivative with respect to α gives a significant improvement to the previous one loop evaluation of a e given by a e (one loop) = α QED /2π as can be seen from Tables 16 -19. In general for better results and to see an improvement in the value of a e at the zero point of the first derivative similar to the results of Section 2 or 3 we should have more terms in the expansion that involve the coupling directly, here we only have one term that involves the coupling and the second term comes from the expansion in to third order. For this we need to evaluate the two loop contribution to the electron vertex function in the prime theory which is a separate project. Here instead we will try to motivate the results obtained in Tables 16 -19 . This is discussed in detail in the next Subsection. 28 Note that when α = 1, κ α=1 23 = 1, therefore the convergent expansion evaluation of ae at one loop reduces to the conventional asymptotic expansion evaluation of ae at one loop, κ α=1 23 αQED/2π = αQED/2π Table 18 : Table 19 : In this Subsection we will motivate the results of Tables 16 -19 and argue that they are genuine, hence confirming the convergent formalism developed in this Section for φ 4 theory and QED. We first consider a two dimensional integral (a toy model for QED) and try to look for a similar pattern as Tables 16 -19 . Consider the following two dimensional integral
we can introduce two free parameters into the above expression by rescaling x → x/α, y → y/β as follows
whenever we have the possibility of introducing many independent free parameters into our expression it is important to choose them in a way as to obtain more efficient results. For example in (4.42) if we set β equal to one we will obtain more efficient results as compared to setting β equal to α hence we take β = 1 in (4.42). Expanding (4.42) in we have I α (ē) = ∞ n=0 I α n n . Defining the partial sum I α,N ≡ N n=0 I α n and extremizing I α,3 with respect to α we obtain the results listed in Tables 20 and 21 . To obtain the partial sum I α,N one convenient way is to rescale x → x/η forη = (1 − (1 − 1/α 2 )) 1/2 and expand inē , as follows
e = ē/(α 2η2 ). Therefore to obtain I α,N we can first consider the partial sum of (4.43) to order 2 N/2 in theē expansion then reorganize the expansion in the form of an expansion to order N . From these Tables it can be seen that at weakē coupling the value of I α,3 at the zero point of the second derivative of I α,3 gives significantly more accurate results relative to the value of I α,3 at the zero point of the first derivative of I α,3 and I α=1,3 . The pattern observed here which the zero point of a higher derivative with respect to α in an (= 1) expansion to 3rd order gives more accurate results relative to the zero point of the first derivative with respect to α confirms a similar pattern observed in the results of Tables 16 -19. Next we modify the expression κ( ) in (4.40) in certain reasonable ways as to obtain a new functionκ( ) and repeat the analysis of Tables 16 -19. We will see that in this case the results obtained are not as good as the results of Tables 16 -19 illustrating how non-trivial  it is to obtain the highlighted results of Tables 16 -19 for a e (one loop) converg. exp. . Tables 22 and 23 show a similar analysis as Table 17 carried out forκ( ) = ακ( ) andκ( ) = κ( )/α. The values obtained in these Tables at the zero point of the third derivative with respect to α are pretty far from the value of a e (higher loop), showing that the perturbative expansion should be independent of the inserted free parameter in order for its zero m-derivative points with respect to the free parameter to produce efficient results, upon multiplying or dividing κ( ) by α clearly the perturbative expansion of F 2 (0) becomes dependent on α. In Table 23 there were no zero points for the first derivative ofκ α 23 . show an improvement in the evaluation of a e compared to a e (one loop) since we merely multiplied κ( ) by a factor η 2 /α 3 which is one when = 1, η 2 /α 3 | =1 = 1 and therefore independent of the free parameter α, but the results are not as good as the results of Tables  16 -19 since the factor η 2 /α 3 did not genuinely come from rescaling the variables in the theory and was artificially multiplied. A similar case was discussed in Section 2 when the integral of (2.11) was multiplied by the factor α √ γ and after expanding in λ relation (2.12) was obtained. This factor was equal to one and independent of the free parameter for = 1 but it did not genuinely come from the rescalings of the variables in the theory, therefore the results obtained from relation (2.12) were not as efficient as the results of relation (2.11). We also considered other possibilities forκ( ) such asκ( ) = κ( )η 1 /α 2 ,κ( ) = bκ( ) orκ( ) = aκ( ) with a and b given by (4.40) which in all casesκ( = 1) = 1 but the results were not as efficient as the results of Tables 16 -19 at the zero point of the third derivative for a similar reason as mentioned.
A
A.1 Derivation of relation (3.9) for K l Relation (3.12):
can be easily proven by looking at the potential term v s (x)u l−s (x) in (3.9). It is the maximum power of x in this term that determines K l . Lets assume (A.1) is true for K l−1 (we know that it is true for when l − 1 = 0 since K 0 = ν, the maximum power of x in the Hermite polynomial functions) and try to prove it for K l . The maximum power that x can have in the term v h (x)u l−h (x) (with summation over h = 1, ..., l , note that v 0 (x) = 0) is given by
it can be shown that (A.2) and (A.1) are the same. For example any of the terms
Both cases are clearly covered by (A.1), therefore max{M h + K l−h h = 1, ..., l} ≤ K l . It can also be shown that max{M h + K l−h h = 1, ..., l} covers all the possibilities of K l in relation (A.1) since if any of the coefficients a h > 0 in (A.1) then it would automatically reduce to
.., l} and relation (A.1) is proven.
A.2 Analysis on the convergence rate at strong coupling
Here we will show that in the convergent expansion method the convergence rate stays level at strong coupling, at least in the examples discussed here but it is likely that the result is general. First we consider the one dimensional integral of (2.1) for κ = 1. For brevity we only show the exact value and the value obtained at order n = 15. From (A.3) it is clear that the convergence rate stays level at strong coupling and it is of order 10 −6 at n = 15. In the above Table we have shown the numbers up to 15 significant digits which is accurate enough to produce the accuracy of the convergence rates shown. Next we consider the vacuum energy of the anharmonic oscillator. To show that the convergence rate stays level at strong coupling we perform an order of magnitude estimate of the convergence rate although a more accurate analysis is possible by studying higher orders of the expansion. Here we consider the values obtained at order n = 25 to be accurate compared to the ones obtained at order n = 15 and repeat the same analysis as above. Table 29 : Partial sum of the eigenenergies 2E α,n = 2 n l=0 E l in relation (3.17) for the anharmonic oscillator of relation (3.18) (κ = 1) evaluated at their extremum point with respect to α for n = 15 and n = 25 at strong coupling. , m and ω are set to one. 
B
In this Appendix we will discuss two main methods of classifying the sequences of extremum points α ext and show how to introduce the parameter of expansion into the theory as to obtain more efficient results.
B.1 Introducing the parameter of expansion
The proposed method of introducing the parameter is that we associate p/4 to x p . More explicitly for 4(n − 1) < p ≤ 4n, n ∈ N we introduce the parameter in the following way: n x p .
As an example we consider the following integral
i for i = 1, 2, 3, 4 are set to one later. We will consider 4 different ways of introducing the parameter: (i) 1 = 2 = 3 = 4 = , (ii) n = n for n = 1, 2, 3 and 4 = 5 quite similar to an expansion, (iii) 1 = 2 = , 3 = 4 = 2 and (iv) the suggested way above which is 1 = 2 = , 3 = 2 and 4 = 3 . We will see that method (iv) is more efficient. Expanding (B.1) we obtain the following series
Tables 30 -33 summarize the results of an epsilon expansion using the above ways. From Table 33 it can be clearly seen that the suggested method produces more efficient results. For the evaluation of the Gaussian integrals of Section 2 and the eigenenergies of the quantum systems in Section 3, finding the extremum points α ext at order n reduces to finding the roots of a polynomial in α of some degree, saym, with real coefficients. This polynomial hasm roots. In what follows we discuss two different ways of identifying the sequences of extremum points: i) One way to classify the different sequences of extremum points is based on a realness criteria. In this approach we only consider the positive real extremum points with the exception that at some orders of n in order to fill in the gap of the elements of the real sequences of extremum points we might also need to consider a complex extremum point with a real part greater than the previous real element of the sequence and smaller than the real element after and the smallest absolute value of the imaginary part possible that satisfies the condition Re(α ext ) > |Im(α ext )|. Lets assume at order n of the expansion we obtainm roots (or extremum points) with m of them r 1 , ..., r m being real and positive and also lets assume in this order we need to consider a complex extremum point w with the properties mentioned above. If these extremum points are organized in terms of decreasing real value r 1 ≥ r 2 ≥ ... ≥ Re(w) ≥ ... ≥ r m , then r 1 would be considered as the element of the first sequence of real extremum points, r 2 as the element of the 2nd sequence of real extremum points, etc.
All of the sequences of extremum points in the Tables of Sections 1, 2 and 3 are identified based on method i).
For example in the Tables of Section 1 and Section 2 (with the only exception being Table  15 ) at odd orders of n we only obtain one real positive extremum point therefore we only have one sequence of positive real extremum points but at even orders there are no real roots thus in order to fill in the gap of the elements of the positive real sequence of extremum points at even orders of n, we consider the extremum point with a real part that is larger than the previous element of the sequence and smaller than the element after and with the smallest absolute value of imaginary part possible as part of this sequence at even orders of n. For  Table 15 it is the opposite, at even orders of n we obtain one real positive extremum point but at odd orders there are no real extremum points therefore we can consider the complex extremum point with the properties of w described above at odd orders of n as part of this sequence.
The sequences of extremum points in the Tables of Appendix C are also specified based on method i) above but in these cases we obtain many sequences of real extremum points.
ii) In the second method we remove the realness constraint. Lets assume at order n of the expansion we obtainm roots with m of them r 1 , ..., r m having a positive real part and satisfying Re(r i ) > |Im(r i )| for i = 1, ..., m . In this sequence of r 1 , ..., r m the conjugate pair roots are considered as one element. If these extremum points are organized in terms of decreasing real part Re(r 1 ) ≥ Re(r 2 ) ≥ ... ≥ Re(r m ), then r 1 would be considered as the element of the first sequence of extremum points, r 2 as the element of the 2nd sequence of extremum points, etc.
In the examples of the previous Subsection B.1 we have organized the sequences of extremum points based on method ii). For example in Table 33 at order n = 20 the extremum point with the largest real part is 4.31 ± 0.12i therefore it is associated to the first sequence of extremum points and the extremum point with the second largest real part is 4.15 therefore it is associated to the second sequence of extremum points, etc.
Whether the sequences of extremum points are organized based on method i) or ii) it is the higher sequences that will eventually converge to the quantity of interest faster as we go to higher orders in the expansion.
C Numerical value of the eigenenergies obtained using the convergent expansion method
Here we include the Tables of numerical data obtained for the eigenenergies of the quantum systems discussed in Subsection 3.1. We consider double the value of the eigenenergies in Tables 34, 35 and 37 as to match with the conventions of [3] , [5] and [4] . Table 34 shows the values of the vacuum energy of the anharmonic oscillator and compares it with the values of [3] . The Table shows good convergence rate for all positive values of the coupling. Table 35 shows the values of the vacuum and the first excited state energy of the double well potential and compares it with the values of [5] . The convergence becomes more difficult at weak coupling due to the reason mentioned in Subsection 3.1. But the convergence rate is good at strong coupling.
To show that using the convergent expansion method accurate results can be obtained for large positive values of the coupling, in Tables 34 and 35 we have included a few examples of results obtained for the eigenenergies for very large values λ. The same procedure that was used to obtain the eigenenergies of Tables 34 and 35 for smaller values of λ that match the results of references [3] and [5] was applied to the larger values of the coupling. The results clearly show convergence therefore are reliable and can be considered as valid. Table 36 shows the evaluation of the perturbative part of the vacuum energy of the double well potential of (3.22) and compares it with the exact value stated in [10] . Further details are explained in the caption of this Table.  Table 37 shows the eigenenergies of the pure anharmonic oscillator for levels ν = 0, 3, 6 and compares it with the values listed in [4] . The pure anharmonic oscillator eigenenergies for levels ν = 0, 6 and ν = 3 were first computed in [12] and [13] , respectively. They were reevaluated using another method by [4] . It is possible to obtain more accurate results for the level number ν = 6 that match the results of reference [4] by going to higher orders in the expansion.
It is quite remarkable that the accuracy required for the α 2 ext,i in order to produce the results of the energy levels with the accuracy shown is just a few significant digits. So the accuracy of α 2 ext,i shown in the Tables below are enough to produce the accuracy of the numerical values of the energy levels.
The coefficients of the potential in (3.18) are a function of α 4 and α 6 , therefore the partial sum of the eigenenergies in (3.17) for the quantum mechanical examples studied would be a function of α 2 , α 4 and α 6 . The data of Tables 34, 35 and 37 were taken by the replacement of α 2 = α and finding the zero first derivative points of E α,n with respect to α , therefore the squared of the extremum points with respect to α are shown in these Tables.
The convergence rate for the energy levels becomes better for the higher sequences. For example the value obtained for 2E α,n for λ = 1/20 at order n = 25 for α 2 ext,3 = 1.473 in Table  34 is a lot closer to the value of reference [3] compared to the value obtained at order n = 25 for α 2 ext,1 = 1.994. The sequences of extremum points in Tables 34 -37 are identified based on method i) of Appendix B.2 and we have shown the highest sequence available at the largest order studied. For example in Table 37 for ν = 6, n = 50 there were not more than a total of 14 sequences of real extremum points, therefore we have shown these sequences up to the 14th one. For a discussion on two main methods for identifying the sequences of extremum points refer to Appendix B.2. In Table 36 we only obtain one sequence of real extremum points at least to the order shown in this Table. As mentioned the convergence rate becomes better for higher sequences therefore it is possible to obtain an estimate of the accuracy obtained for the energy levels. For example with taking the value obtained for the vacuum energy in Table 34 at order n = 25 for the third sequence of real extremum points to be accurate compared to the ones obtained at order n = 15, it is possible to obtain an estimate of the accuracy obtained at order n = 15. For example for the coupling of λ = 10 10 /2 we have |2284.481040 − 2284.48119|/2284.481040 ∼ 10 −7 , meaning that the values obtained for the vacuum energy of the anharmonic oscillator for λ = 10 10 /2 at order n = 15 for the 3rd sequence have an accuracy of order one out of 10 7 .
In these Tables when the extremum point is imaginary we have not included the imaginary part of the eigenenergy as it is very small and it is not of interest to us for a similar reason as mentioned in Section 1 for the one-dimensional integrals. Table 34 : Partial sum of the eigenenergies 2E α,n = 2 n l=0 E l in relation (3.17) for the anharmonic oscillator of relation (3.18) (κ = 1) evaluated at their extremum points with respect to α for different n. , m and ω are set to one. Table 35 : Partial sum of the eigenenergies 2E α,n = 2 n l=0 E l in relation (3.17) for the double well potential of relation (3.18) (κ = −1) evaluated at their extremum points with respect to α for different n. From (3.18)λ = λ/ω 3 with and m set to one. ν corresponds to the energy level. ν = 0 is the vacuum energy, ν = 1 is the first excited states eigenenergy. Table 36 : Evaluating the vacuum energy of the double well potential when expanding about one of its vacuums in relation (3.22), using relation (3.17) E α,n = n l=0 E l , shows convergence to only the perturbative part of the vacuum energy, as expected. This is to be compared with the exact value of the vacuum energy for λ = 3/100 which is 0.4531. As stated in [10] the difference between the lowest two energy levels is of order 0.02, therefore with the exact vacuum energy being at 0.4531, we expect the first excited state energy to be at ≈ 0.473. The result in this Table is showing convergence to only the perturbative part of the vacuum energy which is ≈ 0.463 and does not take into account the contribution of the instantons. The instanton contributions will result in the splitting of the perturbative vacuum energy value of ≈ 0.463 into a lower vacuum energy of ≈ 0.453 and a higher first excited state of ≈ 0.473. In this case since the potential of (3.22) involves an odd term there is a possibility that the perturbative expansion of the Schrodinger equation does not capture the full result as can be seen from this Table. This is to be compared with the results of Table 35 which show convergence to the full result of the double well potential eigenenergies since these results have been evaluated using the potential of relation (3.18) for κ = −1 which only involves even terms. Table 37 : Partial sum of the eigenenergies 2E α,n = 2 n l=0 E l in relation (3.17) for the pure anharmonic oscillator of relation (3.18) (κ = 0) evaluated at their extremum points with respect to α for different n. , m and ω are set to one. ν corresponds to the energy level. ν = 0 is the vacuum energy, ν = 3 is the third excited states eigenenergy, etc. 
